about convex hypersurfaces, convex curves, and embedded curves.
bday(M), is the infimum of the t's for which M ∩ T −1 (t) is nonempty. A point X ∈ M with T (X) > bday(M) is a regular point if there is some r > 0 such that either
(1) B(X, r) ∩ M is a smooth embedded k + 1-submanifold of the euclidean space R × R n+1 , and the (euclidean) tangent plane to M at X is not spacelike at X (i.e., X is not a critical point of the time function T : M → R), or (2) B(X, r) ∩ M = M ∩ {Y : T (Y) ≤ T (X)} where M is as in (1).
The points X of M with T (X) > bday(M) that are not regular points are called singular points.
Example. Let M 0 be two small circles of different radii together with the shortest line segment joining them. (The segment should be much longer than the radii.) Let M t be the result of letting the configuration flow (as in Brakke's book) for time t, and let
At a certain time t 1 , the smaller circle will have shrunk away, so that M t 1 is the other deformed circle together with a straight line segment L. The segment L then vanishes instantly, and the remaining simple closed curve becomes convex and shrinks down to a point. According to our definition, the points (t 1 , x) with x in the interior of L are all regular points.
Our main theorem is the following.
Theorem 1. Let M 0 be a smooth compact mean-convex hypersurface in R n+1 . Let M t be the result of letting M 0 flow by mean curvature for time t, and let
Then the singular set of M has parabolic Hausdorff dimension at most n − 1.
In particular, at each time t, the singular set of M t has Hausdorff dimension ≤ n − 1. Furthermore, in the case n = 2 (surfaces flowing in euclidean 3-space), for almost every time t, the set M t is completely regular. (More precisely, the set of times t for which M t is singular has ordinary Hausdorff dimension ≤ 1/2.)
This result is sharp. For example, when n = 1, let M 0 be a circle. Then M t is a circle for t up to some t 1 , M t 1 is a point x 1 , and M t = ∅ for t > t 1 . Thus the singular set of M consists of the single point (t 1 , x 1 ), and therefore has Hausdorff dimension 1 = n − 1.
More generally, in R n+1 , take a small thin circle C in the x 1 x 2 plane far away from the x 1 axis, and let M 0 be the hypersurface in R n+1 formed by revolving C around the x 1 Partial Regularity. . . 187 axis. Then, at a finite time t 1 , the surface will have collapsed to a (n − 1)-sphere S. Thus the singular set of M is
which has parabolic dimension n − 1.
For singular surfaces, there are several nonequivalent notions of mean curvature flow. However, it is known (cf. [I1, §11] and [S] ) that these various definitions essentially coincide if M 0 is mean-convex. They do not entirely coincide in that Brakke's definition allows any connected component of the surface to vanish at any time. However, up to and including that time, his flow agrees with, for example, the level set flow [ES] , [CGG] , and the sudden vanishing does not increase the singular set (as we have defined it) anyway.
Results for general flows
For λ ∈ R, we let
Note that µ λ multiplies parabolic distances by |λ|.
Note that ρ is normalized so that x∈P ρ(τ,
We now suppose that M is the world history of a k-dimensional integral varifold flowing by mean curvature, starting at time t 0 . For X = (t, x) ∈ R×R n+1 and 0 < τ ≤ T (X)−t 0 , we let
Suppose we are interested in an M with a smooth compact initial surface M 0 . Note that the supremum (over all X with T (X) > 0) of Θ(M, X, T(X)) (which really only depends 188 Brian White on M 0 and not on M) is finite. Fix a number Λ larger than this supremum. We let C Λ be the class of integral Brakke flows M such that
Theorem 2. Fix a Λ < ∞ and suppose M is in the class C Λ . Then
(1) Θ(M, X, τ) is monotonically increasing in τ for 0 < τ ≤ T (X) − bday(M).
(2) Θ(M, X) = lim τ→0 + Θ(M, X, τ) (which by (1) exists) is upper semicontinuous with respect to both arguments. That is, if M i ∈ C Λ converges weakly to M and if X i → X with
(3) For each X ∈ R × R n+1 with T (X) > t 0 and for every sequence r i → 0 + , there is a subsequence r i such that the flows
converge to an integral Brakke flow defined for all t. Let M be the portion of this limit flow up to time 0. Then M is an integral Brakke flow such that
From (1), (2), and the compactness theorem for integral Brakke flows [I1, §7.1], we deduce the following (which is used in proving (3)).
Corollary. The class C Λ is closed under spacetime translations and parabolic dilations, and is weakly compact.
Definition. A flow that exists for all t ≤ 0, that satisfies (*), and that vanishes for t > 0 is called self-similar. A self-similar flow M that arises as in Theorem 2 (3) is said to be a tangent flow to M at X. If M is a self-similar flow, the spine of M is the set of points
Theorem 3. Let M be a self-similar flow. Then either:
(1) the spine of M is a linear subspace W of T −1 (0) = (0) × R n+1 , and M is translation invariant with respect to translations in W: Theorem 4. Let M be an integral Brakke flow in the class C Λ for some Λ < ∞. For j = 0, 1, . . ., let S j (M) be the set of points X ∈ M such that for every tangent flow M to M at X, the parabolic dimension of the spine of M is ≤ j. Then the parabolic Hausdorff dimension of S j (M) is at most j.
Similarly, let S * j (M) be the set of points X ∈ M such that, for every tangent flow M to M at X, the spatial part of the spine of M has dimension at most j. Then, for each t, the Hausdorff dimension of the set of singular points at time t is at most j. (1) If T does not include any static planes with multiplicity greater than 1, then the singular set of M has parabolic dimension at most k + 1, and at each time t, the singular set has dimension at most k − 1.
(2) If, in addition, T does not include any static configuration of half-planes meeting along a common edge, then the singular set has parabolic dimension at most k.
(3) If T does not include any static polyhedral cones other than planes with multiplicity 1, then the singular set has parabolic dimension at most k − 1.
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Remarks on the proofs
In Theorem 2, the key fact (assertion 1) is Huisken's monotonicity formula [H2] . The other statements follow from that (and the compactness theorem for integral Brakke flows) more or less exactly as in minimal surface theory. Theorems 3 and 4 are the parabolic analogs of Almgren's theorem on stratification of stationary varifolds of minimal varieties [A, 2.27 ]. Theorem 5 is a consequence of Brakke's regularity theorems [B] . However, if we consider the flow only up to the first time at which singularities appear, then Theorem 5 has a very elementary proof (also discovered by A. Stone), using essentially nothing but monotonicity.
Let M be a flow with M 0 mean-convex. To prove Theorem 1, it suffices to show (by Theorem 6) that, if M is a static polyhedral cone that arises as a tangent flow to M, then M is a plane with multiplicity 1. That is, we have to exclude all other polyhedral cones. To get an idea of the proof, suppose for example that at a certain point X = (t, x), one of the tangent flows is a static pair of intersecting planes, each with multiplicity 1.
Then we can choose a small r (in particular smaller than the distance from M t to M 0 ) such that
is very close to a pair of intersecting disks which divide B(x, r) into 4 wedges. Consequently, the set U = B(x, r) ∩ ∪ τ>t−r 2 M τ will be close to an opposite pair of such wedges. It follows that we can find a pair of curves in U that bound an area-minimizing annulus A that protrudes out U. But now if we consider the first time τ at which M τ touches A, we get a contradiction with the maximum principle.
We can say somewhat more about the possible tangent flows to M than is required to prove Theorem 1. For example, as was proved by G. Huisken [H2] , [H3] under additional hypotheses, the only nonstatic tangent flows to M are collapsing cylinders
Also, if C is a static cone that arises as a tangent flow to M, then C has multiplicity 1 and is "1-sided minimizing". In particular, there are no nontrivial static tangent flows if n < 7.
Conjectures
Conjecture 1. The conclusion of Theorem 1 is true for any n-dimensional initially smooth compact hypersurface. Indeed, I conjecture for such surfaces no static polyhedral Partial Regularity. . . 191 cones (other than multiplicity-1 planes) occur as tangent flows, which would imply by Theorem 6 that the singular set has parabolic dimension ≤ n − 1 in spacetime, just as in the mean convex case.
Conjecture 2. Let M 0 be an n-dimensional curved polyhedral chain in R n+1 , with each n-simplex having multiplicity 1. In this case static crossed planes will definitely occur as tangent flows. Moreover, static planes with multiplicity 2 also can occur. For instance, if M 0 is an immersed curve and we let it flow classically until it becomes singular, then typically it will develop cusps at which the tangent flow is a static line with multiplicity 2.
However, I conjecture that for any such M 0 , there are geometrically natural Brakke flows starting from M 0 in which static planes with multiplicity ≥ 2 never occur. This would imply by Theorem 6 that the singular set in spacetime has parabolic dimension ≤ n + 1, and that at each given time the singular set has dimension ≤ n − 1. I am thinking of flows in which, for example, a quadruple junction of curves (that is, a point with four curves emanating from it, as in a self-intersection point of an immersed curve) would immediately change into two triple junctions. (Topologically, an "X" would change into
an "H".)
Note added in proof. T. Ilmanen has independently proved some of the results described here.
